The Lerch zeta function <l>(x, a , s) is defined by the series 00 glnnix <t>(x, a, s) = y*-, where x is real, 0 < a < 1 , and a = Re(s) > 1 if x is an integer and a > 0 otherwise. In this paper we study the function J(s, a) = <t>( j , a, s). We use its integral representation J(s,a)^ + 2f(a2+y2r^in{s^xl)t o obtain the values of certain definite integrals; for example, we show that r°° coshxlogx , Jo cosh 2x -cos 2na n f, r((l+a)/2) 1, /, na\\ = =-■-l'°g V/ nl +rlog(2gcot-U , 0 < a < 1.
Introduction
The Lerch zeta function Q>(x, a, s) is defined by the series *(*>fl>*) = £(^F' where x is real, 0 < a < 1, and cr = Re(s) > 1 if x is an integer and a > 0 otherwise. In this paper we consider the special case of the Lerch zeta function <£(x, a, s) when x -\. We denote 0(j , a, s) by J(s, a), so that (1.1) ^aj^^a.^f^, 0<«<1.
The function J(s, a) is related to the Hurwitz zeta function £(s, fl) by the formula , where C is the contour consisting of the real axis from +oo to e , the circle \z\ = e , and the real axis from e to +oc , we show that J(s, a) can be expressed in the form (1.7)
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From (1.7) and (1.6) we obtain the value of S'(l, a). We also obtain integral representations of C(s, a), S(s, a), and J(s, a). These representations are then used to evaluate some definite integrals. For example, we prove
In §4, we consider the function S(s) = E^lo C2n~+iy = 2~SJ(S, j) • It is shown that S(s) satisfies the functional equation (1.9) S(s) = Q)5"' COSyHl -s)S(l -s).
Using contour integration, we derive simultaneously recurrence relations for 5(2/1 + 1) and S(2n). where y is Euler's constant, we obtain the well-known result r'(i) = -(y + 21og2)A.
We can also obtain (2.9) by using (2.5) as follows:
which gives (2.9). From (2.3) and (2.4) we obtain two other forms of (2.9), namely, Finally, from the duplication formula we obtain the following result.
Proposition 3. For 0 < a < 1 (2.11) r(0,a) = logrJ^Z|_-ilog2.
We remark that Proposition 3 can also be deduced from (2.5) and the formula (2.12) C'(0,fl) = log^l y/2n
The formula (2.12) can be found in [3, Corollary 2] or can be obtained by differentiating both sides of (2.6). From these integral representations we will obtain integral representations of the Euler polynomials. Taking s = 2n + 1 in (3.15), we have
Jo cosh 2x -cos 27ifl Then, from (3.11) we obtain (3.18), and from (3.12) and (3.16), we obtain (3.19). We now return to (3.16). As C(s, \) = cosf = 0, the value of the integral in we deduce (4.16).
